We investigate the steady-state packing fraction φ and force moment tensor of quasi-two-dimensional granular columns subjected to tapping. Systems of different height h and width L are considered. We find that φ and , which describe the macroscopic state of the system, are insensitive to L for L > 50d (with d the grain diameter). However, results for granular columns of different heights cannot be conciliated. This suggests that comparison between results of different laboratories on this type of experiments can be done only for systems of same height. We show that a parameter ε = 1 + (Aω) 2 /(2gh), with A and ω the amplitude and frequency of the tap and g the acceleration of gravity, can be defined to characterize the tap intensity. This parameter is based on the effective flight of the granular bed, which takes into account the h dependency. When φ is plotted as a function of ε, the data collapses for systems of different h. However, this parameter alone is unable to determine the steady state to be reached since different can be observed for a given ε if different column heights are considered.
I. INTRODUCTION
Granular materials, defined as multiparticle systems that interact via dissipative contact forces, pose significant challenges to the physics community. In some cases, even the correct variables that fully describe the states and/or processes are being debated. Of particular importance to the advancement of the description, explanation, and prediction of phenomena in physics is the knowledge of the necessary conditions to be able to reproduce results independently. This gives information on the relevant variables involved. In granular matter, there are still various examples of phenomena that cannot be reproduced at a quantitative level; therefore, results from different research groups are usually compared only in qualitative terms. One such phenomena is the steady state of tapped granular beds.
Stationary states of static granular packs subjected to pulsed excitations have been considered by a number of workers [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . In recent years, the granular community has been focused on finding the correct variables to describe the macroscopic stationary states of static granular packs. There is now partial agreement that the volume V (or, equivalently, the packing fraction φ) and the force moment tensor are necessary to fully describe these states [7, 8, [14] [15] [16] . However, due to the difficulties of measuring in the laboratory, most studies focus only on the volume of the system. Although there exists general agreement on the qualitative behavior of V (or φ), quantitative comparisons between results obtained by different groups are still elusive. We hypothesize that the main cause for quantitative disagreement in the mean volume is related to the effect of the size of the samples used in each particular setup. Specifically, we will show that, although the width of the system is irrelevant for samples wide enough, the height of the granular column is a critical parameter in the problem and should be included in the description. Notice * paulaalejandrayo@gmail.com † luis.pugnaloni@frlp.utn.edu.ar that we consider systems under gravity, where a preferential direction is naturally present.
In this work, we consider the effect that the size of a granular sample confined in a quasi-two-dimensional (2D) cell has on the steady-state properties when subjected to tapping. We study φ and as a function of tap intensity for different system widths and heights using a discrete element method (DEM) simulation.
The rest of the paper is structured as follows. In Sec. II we describe the numerical model. In Sec. III we state the tapping protocol used, the system sizes investigated, and the techniques used to compare results from different systems. In Sec. IV we show the results for φ, and their corresponding fluctuations in the steady state. In Sec. V we introduce a parameter that enables a better characterization of the effect of the external perturbation. Finally, in Sec. VI, we summarize the main results and draw the conclusions.
II. NUMERICAL MODEL
We use LAMMPS for our DEM simulations [17] . We simulated a quasi-2D cell containing a number N of spherical particles of diameter d and mass m in a gravity field of acceleration g. We choose a quasi-2D cell (1.1d in thickness) to obtain a realistic representation of usual experimental devices, where direct imaging can be used [7, 18] . We use a model for soft dissipative spheres as described in Refs. [19, 20] . The contact interactions involve a normal force and a tangential force. The normal component is given by a restoring force, proportional to the overlap of the interacting spheres, and a dissipative term, proportional to the normal component of the relative velocity. The tangential term implements an elastic shear force and a damping force. The shear force has a "history" effect that takes into account the cumulated tangential displacement between the particles while they remain in contact. Moreover, whenever the tangential force exceeds μF normal , where μ is the friction coefficient, the dynamic friction force is used. In this work we use the same interaction parameters as in Ref. [6] :
k n , and tangential dissipative constant γ s = 100(m √ g/d). The integration time step is set to δ = 10 −4 √ d/g. The wall-particle interaction is defined with the same parameters as the particle-particle force.
III. PROBLEM DEFINITIONS

A. Annealing protocol by tapping
We apply a protocol of annealing by tapping similar to the one proposed in Ref. [21] . However, we only run a decreasing ramp of tap intensities. Starting from the highest intensity investigated, we decrease its value in discrete steps every 200 taps. Tapping is simulated by imposing an external vertical motion to the cell (walls and base) of the form of a full cycle of a sine wave: A sin(ωt). We fix ω = 2π × 33 Hz and use the tap amplitude A as the control parameter. We consider the properties of the static (mechanically equilibrated) configurations obtained after each tap. Mechanical equilibrium is deemed achieved if the kinetic energy of each particle has fallen (in average) below 10 −6 mgd. We focus on the regime of high tap intensities where the packing fraction as a function of the reduced acceleration = Aω 2 /g becomes nonmonotonic [6] [7] [8] . It has been recently shown that at relative low the series of configurations in the steady state is not ergodic [22, 23] . We stop decreasing before the system reaches the regime where ergodicity of the stationary states is lost, according to the criteria proposed in Ref. [22] .
B. System sizes
We consider different cell widths L filled with different number N of particles. We define the nominal height h of the granular column as the integer part of N/L. The actual height for a given static configuration of the grains depends on the preparation protocol. In all the cases we have chosen L to be noncommensurate with d to prevent crystallization to some extent. In the following, we will use the pair L-h to identify each system size. Figure 1 summarizes the sets of L-h studied. We can distinguish sets with the same h (varying L), sets with the same L (varying h), and sets with the same aspect ratio (L1-h1, L2-h2, and L3-h3).
C. Data analysis
In the following, we shall call a "realization" to any full annealing process, i.e., 200 taps for each value of in a complete decreasing ramp. In all cases we disregard the initial 100 configurations obtained for each and only use the last 100 configurations to make averages. For the relatively high tap intensities we use in this work, this is sufficient to ensure that a stationary state has been reached for any given . We repeat typically 20 independent realizations for each system size considered.
To measure the packing fraction φ we use the Voronoi tessellation of the plane using the coordinates of the centers of the particles projected on the x-z plane, where x is the direction along the cell width and z is the vertical coordinate. Then we associate to each particle a φ local by dividing the particle area (projected on the x-z plane also) by the corresponding Voronoi cell area. By taking the average over all the particles in the region of interest (see next section for a discussion on the region where properties are measured), we obtain the global φ conf corresponding to each static configuration. We average this quantity over the 100 configurations saved for each tap intensity to obtain the φ realiz corresponding to the stationary states of the realization for each . We calculate the packing fraction fluctuations φ realiz as the standard deviation over the 100 configurations. Finally, we carry out a last average over the φ realiz and the φ realiz obtained in the 20 independent realizations to obtain φ and φ and their corresponding errors (using the standard deviation over the 20 realizations).
We also obtain the force moment tensor αβ = c r α c f β c of each particle. Here c runs over all the contacts of the particle, r c is the vector from the center of the grain to the contact c and f c is the corresponding contact force. We apply the same averaging protocol as the one used for φ to obtain the For all the tap intensities and system sizes studied, and the necessary statistics, in total ≈ 5 × 10 5 taps were simulated. Snapshot of a static configuration for a system with L4-h2. As an example, the particles in a typical layer used to measure φ and are highlighted. In this case the layer is 5d in thickness and it is located at 5d below the free surface.
Each tap requires between 10 5 and 10 7 simulation time steps, depending on the tap intensity and the system size.
D. Analysis regions
In order to compare results between systems of different sizes we needed to chose suitable regions of the system where to measure φ and . For all the systems, we consider a thin layer of the sample that follow the shape of the free surface (see Fig. 2 ) at a given depth, including in the analysis only particles whose centers fall in this region. Since φ and are inhomogeneous in the vertical direction due to gravity, using a layer warrants that we focus on a region where a few macroscopic variables can describe the macrostate without the presence of significant spatial variations of the mean φ and in the region. Additionally, the free surface of the column of grains is not horizontal in general, especially for wide cells as described by others [4, 9, 24, 25] (see also Fig. 2 ). We have observed that the simple use of plane horizontal layers to measure φ, and more importantly , leads to inconsistent results whenever modulations of the free surface are present. This occurs because particles with the same z coordinate may support, effectively, different weights above them. Analyzing layers that follow the free surface profile has enabled us to compare results between different systems and different realizations consistently. We expect, however, that this detail may become of little relevance if very deep layers (buried at a depth a few times the width of the system) are studied.
We have observed that for layers of thicknesses above 3d all the properties measured converge to well-defined values. Exemption to this rule are the fluctuations φ and , which require thicker layers to converge (see Sec. IV C). The dependence of the macroscopic properties with depth will not be investigated here. We will limit our study to layers relatively close to the surface, where pressure as a function of depth is still linear. Unless otherwise stated, measurements are carried out over a layer of thickness 3d at a depth 10d below the free surface. In addition, we exclude particles with centers less than 2d away from the lateral walls to minimize boundary effects. With this choice, the layer of analysis will contain different number of particles if systems of different L are considered. When comparing systems of different h, we expect that layers at the same depth have similar properties if the pack is subjected to similar perturbations. We will see that this is not the case even if the effect of the column height on the effective perturbation suffered by the layer of interest is taken into account.
IV. RESULTS
We report the results using the set of reduced units: m = 1, g = 1, and d = 1.
A. Packing fraction
In Fig. 3(a) we show φ versus for all systems summarized in Fig. 1 . This function presents a nonmonotonic behavior for all the systems studied, in agreement with previous works [6] [7] [8] 26] . Previous studies were carried out with rather small systems (comparable with the system L0-h1 in the present work). Figure 3 (a) implies that nonmonotonicity in the φ-curve cannot be attributed to a finite-size effect.
It is important to notice that the amplitude min at which the system reaches the minimum packing fraction φ min clearly differs for different system sizes. Figures 3(b) and 3(c) show φ versus for two different system heights (h2 and h4, respectively) and various cell widths. We can see that the curves collapse for systems with the same height, to a certain extent, and this collapse is better for low values of . The results on Fig. 3 indicate that the steady-state packing fraction is unique for a given tap intensity only if the columns have the same nominal height. Varying the width of the sample does not influence the steady state significantly. However, the height of the sample is determinant. This can be understood if one considers that the effective perturbation felt by the entire system depends on the column height. The same tap applied (units of mgd) to a shallow bed will induce a more significant motion of the grains than in a tall granular column. In particular, the layer of interest (at a prescribed depth) will be reached by the perturbation after traversing different amounts of granular material. In Sec. V we will focus on this phenomenon and will suggest the use of a parameter, in replacement of , that accounts for the effective perturbation felt by the granular bed.
B. Force moment tensor
Figure 4(a) shows the trace Tr of the force moment tensor (averaged over all particles in the layer of interest) as a function of . We take Tr = xx + zz . The component perpendicular to the cell plane yy is not considered because it is at least one order of magnitude smaller than the other diagonal components. All curves in Fig. 4(a) are monotonic as was reported previously for two-dimensional systems [7, 8] . We have seen that -is actually nonmonotonic if smaller are consider [22] . However, is not well defined for low since independent realizations yield different (distinguishable) stationary states compatible with ergodicity breaking [22, 23] . In all results reported here we have avoided low tap intensities where such phenomenon prevents a reproducible measure of and φ.
Figures 4(b) and 4(c) show Tr versus for two different system heights (h2 and h4, respectively) and various cell widths. Figure 4(d) shows the results only for systems corresponding to L1 and different nominal heights. In these figures we can see a similar behavior to the one observed for φ versus (see Fig. 3 ). Except for narrow systems [see, for example, the red crosses curve corresponding to L = L0 and possibly the green solid circles curve for L = L1 in Fig. 4(b) ], columns with the same height show similar results, and curves corresponding to systems with different heights appear shifted. Since results for different L with a given h collapse, comparison of systems with the same aspect ratio (h/L) yield the same shift as observed in Fig. 4(d) .
As observed in the behavior of the steady-state packing fraction, the steady-state force moment tensor is also well reproduced for a given tap intensity and h if L is not too small. Typically, L > L1 warrants a reasonable collapse. However, the height of the system is an important parameter that influences the stress state of the layer of interest. Once again, this is due to the different effective perturbation acting on the sample since the pulse has to propagate through columns of different heights. Hence, a change in the nominal height of the sample will effectively induce a layer (located at the same depth in both samples) to visit different steady states. In Sec. IV D this will be more clear when we plot the loci of the steady states visited in the φ-phase diagram.
C. Fluctuations
Previous works [27] have shown that in granular systems the presence of correlations imply that density fluctuations φ do not scale with √ N a , with N a being the number of particles in the region of analysis. Nevertheless, we have analyzed regions of different sizes and have observed that it is possible to scale φ with √ N a if we use layers sufficiently thick [28] . In particular, we find that for layers thicker than 15d, φ √ N a and √ N a converge to well-defined values. Hence, we have used layers of this thickness to carry out the analysis of the fluctuations. Notice that such regions in our systems with L > L1 contain at least twice as many grains as the larger regions considered in Ref. [27] .
In Fig. 5(a) we plot φ as a function of φ for a set of characteristic system sizes. We can see that different curves are shifted in this plot. This is in part because the regions of analysis comprise different numbers of grains (they have different widths) but also in part because systems of different heights are compared, which visit different steady states, as we mentioned in the previous section.
In Figs. 5(b) and 5(c) we scale the fluctuations with the expected system size dependency and separate results from different heights. The curves of φ √ N a as a function of φ for a given h collapse rather well for the various L. We have not included here results for narrow columns for which curves do not collapse. For h4 this means that only systems with L L1 must be considered; however, for h2 columns as wide as L2 are necessary. In general, choosing L L2 seems to warrant a reasonable independence of the fluctuations with the system width. If we compare the scaled fluctuations for two different h [see Fig. 5(d) ], we observe that φ √ N a differ for a given φ at high packing fractions (corresponding to the lower tap intensities). If two steady states present the same φ but different fluctuations one expects that the states are distinguishable. Indeed, in this case the force moment tensors of these states differ [see corresponding left branch of the curves in Fig. 5(h) , where Tr is shown]. Interestingly, for low φ, fluctuations coincide even for these samples of different h. However, this does not warrant that the states are the same. In fact, we have seen that for these states is similar but distinguishable.
In Figs height collapse with the √ N a scaling, whereas fluctuations of systems with different h do not.
D. Phase diagram
The packing fraction as a function of the force moment tensor seems to converge for systems with the same height (see Fig. 6 ) if they are wide enough (results for narrow systems, where this function does not collapse are not included in this plot). From Fig. 6 , it becomes clear that systems with different heights visit different macroscopic stationary states when the same tapping protocol is used. Even if the same φ can be attained, the corresponding will differ (see the left region of the curves in Fig. 6 that correspond to the low tap intensities). As discussed in Ref. [7] , the same φ may correspond to different values, for a given system size, given the nonmonotonic response of the packing fraction.
In Fig. 7(a) we can see φ as a function of Tr for three different system heights. Again, it is possible to distinguish that systems corresponding to different h visit different stationary equilibrium states. In Fig. 7(b) we plot φ as a function of φ √ N a for the same systems as in Fig. 7(a) . Finally in Fig. 7(c) we can see Tr √ N a as a function of Tr . Here we can observe that it is possible to tell apart fluctuations of φ for states with the same φ if they have different . Conversely, it is also possible to distinguish fluctuations of for states with the same if they correspond to different φ. We can also see that there exist some states with same φ and for systems with different heights. In such cases (see right branch that corresponds to high taps) the steady states exhibit similar fluctuations. This reinforces the hypothesis that φ and define the macroscopic stationary state fully. By changing the height of a granular column, a layer at a given depth will visit different regions of the phase diagram in a way similar to the effect obtained by changing the duration of the excitation pulse [7, 8] . The effect of a thicker bed underneath the layer of interest is to change the effective perturbation felt by the layer, leading to new states in the φ-Tr diagram.
V. EFFECTIVE EXCITATION
It is clear from Figs. 3-7 that the system height is a necessary parameter to predict the final macroscopic stationary state of a tapped granular sample. Samples of different width show consistent results if L 50 for φ and as well as for their fluctuations. However, if two systems have different h, even when layers at the same depth are considered, the values of φ and obtained for a given differ significantly. This is to be expected, as we mentioned, since the effective excitation felt by the layer will depend on the transmitted energy through the granular bed underneath. Moreover, even if steady states presenting the same φ are compared (whatever the necessary ) for two different h, the values of may not coincide (Fig. 6) , indicating that the steady states do in fact differ. Hence, to be able to compare results obtained on different systems (e.g., from different laboratories) it is necessary to compare columns of same heights.
There has been some attention focused on finding a parameter alternative to to characterize the tap applied to the system. In particular, if different ω are used for the pulse, the corresponding φ-curves appear shifted. It is expected that a suitable scaling may allow us to collapse all results into a single master curve for all ω. In this way, a macrostate of given φ can be associated to a particular "effective" excitation done on the system. Dijksman and van Hecke investigated an annealing protocol similar to the one used in the present work (Sec. III A) but varying both amplitude and fundamental frequency of the pulse used to tap the system [13] . They proposed the use ε = T as the characteristic parameter of the tap, where T is the period of the wave shape of the pulse. The authors concluded that this parameter results appropriate to collapse their different φ-ε curves. In a different work, Ludewig et al., investigating a similar problem, proposed to use a tap parameter related with the energy given to the system during the tap [5] . They took into account the potential and kinetic energy gained by the granular system in the time at which it looses contact with the cell floor, i.e. when its acceleration reaches the gravity acceleration. This parameter also allows to collapse curves obtained for different ω. It is simple to show that, disregarding the marginal contribution of the potential energy included in the Ludewig's parameter, both parameters (Dijksman's and Ludewig's) are equivalent in essence. In both cases the effective parameter depends on T ≡ A ω. In Ref. [13] this dependence is linear while in Ref. [5] it is quadratic. More importantly, the former parameters try to unify the results just by introducing scale factors that depend only on the external input applied to the systems ignoring the geometrical details of the container.
In the present work we have a set of curves obtained with same ω, but they look shifted if they correspond to systems with different heights [see Fig. 3(d) ]. The effective parameters of Refs. [13] and [5] are not useful in this case because they do not take into account the system height. Pugnaloni et al. proposed to use the "effective expansion," ε, of the granular pack during the system flight to characterize the effect of the tap on the system [6] . This parameter allows for the comparison of results corresponding to different numerical models. Here we will follow this approach by defining ε as the "effective flight" of the sample in the sense that the actual height reached by the grains during the tap is compared with the typical height of the sample at rest. Hence,
where h max is the maximum height of the center of mass of the sample during the flight and h 0 is the typical height at rest. This can be thought of as a crude indication of how much free space is typically introduced in the pack during a tap. 1 Taking into account the sine shape of the perturbation applied and neglecting dissipation against the walls or between the particles, we can estimate
2 ω 2 /(2g) corresponds to the flight distance approximating the lift off velocity by Aω. 2 Hence,
Figure 8(a) shows φ as a function of ε for systems with different heights. We can see that results are similar now, particularly at low tap intensities [cf. inset of Fig. 8(a) where the same data is shown as a function of ]. This suggests that macroscopic steady states from granular columns with different h may be the same state if they are tapped with the same ε rather than the same . Unfortunately, this is not the case as we show in the following paragraph. Figure 8 (b) presents Tr as a function of ε for the same systems as in Fig. 8(a) . Here curves look more similar in comparison with the representation in terms of (see inset). However, for low ε, Tr is distinguishably smaller for taller systems. Hence, even if for a given ε the steady states of columns with different h seem to be the same in terms of packing fraction, they present different stress state. We believe this poorer collapse in is related to the fact that even if we can estimate the effective flight of a layer of material at the same depth for systems of different high, the actual stress state after deposition will depend also on the effective mechanical properties of the bed underneath. Taller columns provide a thicker bed below the layer of interest. This enables the layer under consideration to dissipate energy more efficiently by "landing on a softer substrate." This would lead to the lower values of observed. A tentative explanation of this contrast on the behavior of φ and could be related with the interplay existing between geometrical and structural degrees of freedom as has been recently discussed by Blumenfeld et al. [29] . Indeed, the average volume fraction depends in a nontrivial way not only on the coordination number but also on the global stress imposed on the boundaries of the system. Hence, although small effective flights induce comparable volume fractions, the stress at the boundaries strongly depends on the small particle rearrangements observed at this tap amplitudes as is obvious from Fig. 8 .
It is worth emphasizing that ε also results a function of Aω as in Refs. [5, 13] . However, in addition, Eq. (2) takes into account the system height h. Then ε could be used to compare results on φ for systems of different heights, bearing in mind that packing fraction on its own cannot fully describe the state and hence may not be the same.
VI. CONCLUSIONS
We have considered the steady state of tapped granular columns for different system sizes by measuring the packing fraction, the force moment tensor, and their fluctuations. We have shown that for systems of the same height, φ, and their fluctuations converge to well-defined values as the column width grows beyond ≈ 50d. This is observed if a thin layer of grains at a fixed depth is considered in the analysis with the provision that the layer follows the profile of the free surface.
The thickness of the layer of interest becomes irrelevant above ≈3d except if fluctuations are measured. For the calculation of fluctuations, layers at least 15d thick are necessary to find consistent results scaling with √ N . An important number of experiments and simulations are carried out on relatively small systems. Our results indicate that in many cases these system sizes do not meet the minimum required to warrant that results are insensitive to the particular geometrical dimensions chosen. In spite of the fact that we restrict our analysis to 2D systems, the same arguments seem to be valid for the 3D case.
We have found that the nonmonotonic behavior of the packing fraction as a function of the tap intensity [6] [7] [8] is still present if we change the systems size. However, the minimum φ is reached at higher tap intensities for taller systems. Likewise, we have observed that the fluctuations of the packing fraction as a function of φ exhibit a concave down behavior in agreement with previous studies [7, 8] .
For systems of different height, the values of φ and obtained for a given tap amplitude differ. We proposed the use of the effective flight ε to characterize the effect of the tap on the granular layer of interest; speculating that a suitable scaling would allow the collapse of data for different h. We showed that as a function of ε the different φ curves achieve a reasonable collapse. However, the -ε curves do not collapse in the full range of ε. Taller columns show consistently smaller values of than shallow columns at low ε. We have shown that systems of different heights lead the layer under study to visit different loci in the φ-phase space. Hence, the effective perturbation felt by the layer of interest is affected by the column of grains underneath leading to new steady states. We argue that there are two main ingredients in the effect of the underlying column of grains. On the one hand, the effective expansion of the layer will be shifted by a factor h [see Eq. (2)]. On the other hand, the layer will land on a bed with different effective mechanical properties.
In summary, to be able to reproduce a steady state of tapped granulars, not only the amplitude A and shape (e.g., ω) of the pulse has to be considered; also the height of the column is essential, while the width can be disregarded as long as L 50d in 2D.
